Abstract-In this paper, the problem of optimal voltage and power regulation is formulated for distributed generators (DGs) in DC microgrids. It is shown that the resulting control is optimal but would require the full information of the microgrid. Relaxation of information requirement reduces the optimal control into several controls including the conventional droop control. The general setting of a DC microgrid equipped with local sensing/communication network calls for the design and implementation of a cooperative droop control that uses the available local information and coordinates voltage control in a distributed manner. The proposed cooperative droop control is shown to include other controls as special cases, its performance is superior to the conventional droop control, and it is robust with respect to uncertain changes in both distribution network and sensing/communication network. These features make the proposed control an effective scheme for operating a DC microgrid with intermittent and distributed generation.
I. INTRODUCTION
T HE electricity demand, combined with physical, economical and environmental constraints of conventional energy sources such as fossil and nuclear energy, is putting more emphasis on finding and utilizing alternative energy sources. Of special interest are renewable energy sources such as solar and wind energy generation. This has lead to the emergence of distributed generators (DGs), self-organizing microgrids, and smart grid. DGs may be heterogeneous as PV systems, wind turbines, fuel cells, and diesel generators. DG locations must be economically and physically feasible. To better harness alternative energy or to serve critical loads, DGs are installed at the most economical and physically-feasible locations, and they are often dispersed widely across the distribution network. To properly control and manage these DGs, it is natural to organize DGs in a given geographical area into a self-organizing microgrid which is connected to the main grid through point of common coupling (PCC).
In current distribution networks, microgrids are in the AC form. A DC microgrid may coexist with the rest of the AC grid, power generation plants, and transmission networks. Many of DGs are in a DC form and, in order to have an AC system, DGs can use a DC/AC inverter stage to convert their DC current/ voltage into a grid quality AC current/voltage, but this extra stage increases cost and reduces efficiency. Therefore, there is resurgence of interests in DC microgrids, while the concept of DC microgrids were discussed in [1] .
A typical structure of a DC microgrid [1] is shown in the Fig. 1 . At the PCC, the microgrid is connected to the main grid through one bidirectional AC/DC converter (rather than several DC/AC inverters). In the microgrid, renewable energy sources and other DGs are connected to DC buses through DC/DC converters. Regular DC loads may be connected directly to any of DC buses, and critical DC loads that require an exact voltage regulation may utilize DC/DC converters at their connection points. Storage devices may or may not be affiliated with DGs. Similar to an AC microgrid, a hierarchical and multi level control may be applied to control the DGs power generation and storages, to optimize the interests of both the microgrid/maingrid and individual devices, while securing the system stability [2] . However, as will be discussed in the subsequent discussions, cooperative droop control as an improved droop control may be applied at the level of DGs and storage units to guarantee the system stability and proper utilization of available resources in the microgrid, including DGs and storage.
Potential advantages of a DC microgrid over the AC counterpart can be summarized as follows:
1) The majority of renewable energy sources (e.g., photovoltaic) and storage systems (e.g., batteries) are natively DC. Emerging new loads are either DC loads (e.g., data centers) or AC loads that are driven by DC sources (e.g., inverter-fed AC machines DC microgrids are about two orders-of-magnitudes more available than their ac counterparts. 2) DC microgrids have simpler models and controls (i.e., no phase angle or frequency or reactive power), while synchronization, reactive power flow and harmonics have to be considered for ac systems. 3) DC microgrids would significantly improve system reliability, efficiency, and economy by eliminating the DC/AC/DC conversion stages [5] , [6] . Since reactance has little effect, a cable could carry more DC power than AC power [1] , [7] . Some of the challenges associated with DC distribution systems have been investigated in [1] . In particular, the interaction between different power converters and neutral voltage shifts are discussed. A technique of connecting the microgrid to and disconnecting the microgrid from the main power system is studied by [8] . An energy management system (EMS) is proposed in [9] to incorporate into a DC distribution system the charge and discharge of electric vehicles.
There is an abundance of research and literature covering AC microgrids and DGs management [10] - [16] , but an investigation into the microgrid/grid level control of DGs in a DC microgrid remains open to investigation. One exception is [17] in which applications of the conventional droop control to both DC and AC microgrids are investigated. This paper aims at developing systematic designs and analysis for controlling DC microgrids.
In this paper, the problem of voltage and power regulation by DGs in a DC microgrid is formulated as an optimal control problem, and the resulting optimal control is used as the seed controller to investigate its variations in terms of information needed. By further advancing the application of cooperative control from AC network [2] , [18] - [20] to DC microgrids, a distributed droop control (called cooperative droop) is proposed. The main objective of cooperative droop control is to utilize the available information (from low-bandwidth local communication links) and to improve the overall voltage profile by coordinating the neighboring control actions.
II. DC MICROGRID MODEL FORMULATION
Consider a DC microgrid which consists of nodes and whose circuit network has the following admittance matrix if if (1) where is the line admittance between nodes and , and is the admittance between node and the ground, if there is any. Topology of the microgrid can be represented by a physical-connectivity graph , where denotes the set of nodes (with the th node being the ground) and denotes the set of undirected edges (for which or ). The microgrid contains DGs (whether they are PV, wind, biomass, or their combinations) and, if it is grid-tied, the power from the grid (of node 0) is injected into node 1. These DGs may have different dynamics, and the use of power electronic devices will be a common practice for connecting DGs to the rest of the system in the future smart grids. Such power electronic converters have a fast transient response, in terms of few milliseconds or faster, and upon applying the feedback linearization method, their dynamics are assumed to be (2) where is the time constant (whose value is typically small), and is the index set of those nodes where there are DGs installed. Variables and are the power command and the actual power output of the th DG, respectively. Accordingly, the power flow equations of the DC microgrid are given by (3) where if , is the voltage at node , and represents the load at node .
All of the electrical and control variables in (2) and (3) are assumed to be of per-unit values. The objective of the proposed control designs is threefold: i) Ensure exponential stability under constraints of (3); ii) achieve the goal of and minimize the loss as much as possible; iii) design the best control with respect to available information. Three information patterns will be investigated: weakly global information of , decentralized information of , and distributed information of . The distributed information structure is represented by an intermittent sensing/communication digraph , where denotes the set of nodes (or nodes including node 0 if grid tied) and denotes the set of directed edges. Alternatively, the local information flow can be characterized by the binary sensing/communication matrix (4) where , if (i.e., is available to node at the time ), and if otherwise. At time , the neighboring set of node consists of those nodes from which communication is received (i.e., ).
III. BASIC DESIGNS OF OPTIMAL CONTROL AND DROOP CONTROL
In this section, an optimal design framework is presented to derive a nonlinear optimal control. It is shown that this seed control design can reduce to a linear global-information voltagefeedback control, a decentralized droop control, and an adaptive control. The discussions provide the motivations for designing a distributed droop control in the subsequent section.
A. An Optimal Design
The following theorem provides an optimal control as the seed controller in the subsequent analysis, and its proof is included in Appendix A.
Theorem 1: Consider the DC microgrid consisting of DGs in (2) and under the control law (5) where and satisfy power flow (3). Then, control (5) is optimal with respect to performance index (6) where is given, and . Furthermore, the control ensures that converges globally and exponentially to its steady state of . Should control (5) be implemented, desired values and need to be chosen. Its implementation also requires , that is, all the information about the DC microgrid. In what follows, several choices and simplifications are investigated.
B. Uniform Terminal Voltages Under Unconstrained DGs
If DGs have sufficient capacity/storage capability, could be chosen such that for all . In this case, control (5) becomes (7) which remains to be nonlinear. The linearized version of control (7) around and is (8) Applying the approximation of to (8) yields (9) in which and the sum of all the coefficients associated with and is zero (that is, ). It follows from the preceding discussions that control (9) is near-optimal. In addition, control (9) does not require any information about the loads but weakly global information of line admittance and voltages (that is, every node receives the information of the voltages from all physically-connected nodes).
C. Decentralized Droop Control
In the case that the weakly global information of line admittance and voltages is not available, one can choose to ignore the terms in (9) . By doing so, one obtain the following droop control: (10) where is a positively-valued lumped gain chosen by the designer (so that line admittances are no longer needed), and . Fig. 2 shows the related droop characteristic for individual DGs, with or without storage. As it is seen, the droop gain for the voltages above and below the unity are different. The reason is that when the voltage is below the unity, DGs generate power to increase the voltage and the generation limit is set by their available active power, . If DGs do not have storage available, they need to generate all their available active power at this voltage range; otherwise they may follow the linear relation curve as in Fig. 2(a) and charge their storages when they generate less power than their available one, as voltage rises to unity.
On the other hand, when the voltage is below the unity, mainly due to the excessive generated active power, if DGs have storage, they absorb active power from the grid. The limit for the active power absorbtion is set by the DGs storage devices capacity, . DGs without available storage, linearly reduce their generation down to zero at [16] . The characteristic curves in the Fig. 2 goes well along with the concept of the fair utilization ratio, initially introduced in [2] , [19] for AC systems.
Control (10) is decentralized and hence the simplest to be implemented, but its transient and steady-state performance is often inferior. In a smart DC grid, distributed information are available and hence should be used to synthesize distributed (cooperative) controls, which is the subject of the subsequent section.
D. Adaptive Control
For sufficiently large values of and for , control (10) becomes (11) under which DG dynamics (2) becomes , which acts as a pure integrator to ensure independent of microgrid's load condition. Using the adaptive control terminology [21] , control (11) is an adaptive control, and droop control (10) is an adaptive control law with a small leakage. Similar argument holds for near-optimal control (9) and nonlinear optimal control (5).
IV. COOPERATIVE DROOP CONTROL OF DC MICROGRID
The proposed cooperative droop control (based on distributed information) is (12) where are positive gains, is a leakage constant (of small value), and if if .
By the above definition, is a Metzler matrix (i.e., all its off-diagonal elements are non-negative) and it has zero row sums. That is, is the Laplacian of the information network corresponding to distributed control (12) .
Based on the available communication links and the selection of gains, the following control scenarios are viable: 1) If for all (i.e., not sharing information at all), cooperative droop control (12) no longer has any coordination and reduces to the conventional droop control (10).
2) If
for all the physically connected nodes, cooperative control (12) with becomes near-optimal control (9); and, should weakly global information be available, a nonlinear version of cooperative droop control (12) would become the nonlinear optimal control (7). 3) By setting , the cooperative droop control becomes the following cooperative adaptive control: (14) Cooperative droop control (12) has the unique feature of accommodating intermittent and local communication networks, and its stability analysis calls for the following lemma whose proof is included as Appendix B.
Lemma 1: Suppose that power flow (3) has steady-state solution pair and . Then, around the steady state,
where for , for , and matrix is a positive matrix, the relative values of offdiagonal entries in are monotonely increasing functions of the physical distances among the DGs.
Stability and convergence of cooperative droop control (12) is ensured by the following theorem, and the stability proof can be found in Appendix C. The theorem also provides formal stability analysis for conventional droop control (10).
Theorem 2: Consider the DC microgrid consisting of DGs in (2) and with power flow (3). Then, cooperative droop control (12) ensures that, for all reasonable ranges of node voltages, their steady states converge to values close to 1 if eigenvalues of product are Lyapunov stable (equivalently, there is a positive-definite matrix such that is negative semi-definite). Furthermore, as the sensing/communication network has more connectivity, the corresponding state-steady node voltages become closer to 1 than those under the conventional droop control.
It is well known that the eigenvalue test and Lyapunov function matrix in theorem 2 are equivalent. It is also known (see theorem 4.31 in [18] ) that, if matrix is a Metzler matrix as matrix , simple conditions are available to verify the existence of Lyapunov matrix and matrix can be simply diagonal. Furthermore, if is Metzler and symmetric and has zero row sums,
. Unfortunately, being Metzler may not hold for all DC microgrids.
As an example, consider the microgrid system shown in the Fig. 3 . The microgrid has eight DGs, and its physical topology and line resistances yield the admittance matrix at the bottom of the page. Suppose that the sensing/communication network among the DGs is represented by (16) Then, the simplest choices of for all and renders matrix as the first equation at the bottom of the next page.
It is straightforward to verify that is given by the second equation at the bottom of the next page, which has the desired stability property but is not a Metzler matrix. It is important to note that design parameters (which determine matrix ) can be chosen without exact knowledge of microgrid's distribution network. Given an approximate topology of microgrid's distribution network, a rough estimate of can be obtained for the purpose of inspection. Although and would be different, the same control design is applicable. As an illustration, reconsider the microgrid system shown in the Fig. 3 . Should there be a 10% increase of the impedance at feeder21 and a 10% decrease of the impedances at feeder 4, matrix becomes the first equation at the bottom of the next page. Then, for the same choices of and under the same sensing/communication topology , the resulting matrix is given by the second equation at the bottom of the next page, which has the desired stability property as before. It is also worth noting that control parameters are chosen independently of specific connectivity matrix . These robustness properties (with respect to the changes of both physical network and sensing/communication network) make the proposed cooperative droop control uniquely effective for microgrids with intermittent operation of DGs. Further analysis of robustness can be rigorously done by integrating robust control theory [22] into cooperative control design, but this is beyond the scope of this paper.
V. CASE STUDIES AND PERFORMANCE COMPARISONS
In this section, two case studies are carried out for the microgrid system shown in the Fig. 3 . Topologically, the DC microgrid is connected to the main grid at the point of common coupling and through the AC/DC converter at the top. The converter is to maintain a grid-tied operation and meet the demand of all the loads by converting the grid AC voltage into a DC one, suitable for the DC microgrid operation. There are a total of eight DGs distributed across the microgrid, and they have a total of 15.5 MVA generation capacity. In particular, it is assumed that DGs 2, 3 and 4 are wind farms and that DGs 1, 5, 6, 7, and 8 are solar farms.
Two operational scenarios are simulated to compare the performance of conventional droop control (10) and the proposed cooperative droop control (12) . For the conventional droop, its droop gains are chosen based on the Fig. 2 ; specifically in (10) together with (2), the gain is chosen as if p.u. or if p.u., where and are the rated capacity of generation and storage, respectively. In the first scenario, DGs are operating at 50% of their rated capacity. In the second scenario, DGs' available power are determined by their profiles in the Fig. 7 . For each DG, per unit is based on its own capacity and not the microgrid power base; e.g., in Fig. 7 , DG1 has 1 p.u. power available or 1.2 MW power available, based on its rated capacity shown in Fig. 3 . For cooperative adaptive droop control (14) , design gains are chosen as for all . It is assumed that the sensing/communication topology is given by (16) .
As the first operational scenario, the DGs are connected to the system at . Afterwards, a 300 KW DC motor is connected to the feeder1 at , which causes a transient voltage dip in the microgrid. The two control options, either conventional droop control (10) and the proposed cooperative droop control (12) , are implemented at the DGs to regulate their node voltages. Figs. 4 and 5 show the voltages at DG3 and DG6, similar changes are observed at all other DG nodes, and Fig. 6 provides the norm of the voltage deviations from unity at these DG nodes. In these three figures, the conventional droop control and the proposed cooperative droop control are compared, and it is apparent that the cooperative droop control has a superior performance. As the second case study, a typical daily operation of the microgrid is simulated to evaluate its performance. The daily generation profiles of the DGs are provided in Fig. 7 , and the simulation is for the time period from 9:00 am to 6:00 pm. Figs. 8 and 9 contain the voltages at DG3 and DG6, respectively; and when compared with the conventional droop. This loss reduction amounts to 2% of the overall power rating of the microgrid under study, which is significant practically and theoretically.
Intuitively, cooperative droop control achieves better performance through locally sharing information among the neighboring nodes, and it approaches the optimal control if the information is shared across the microgrid. Simulation studies also show that the proposed control is robust with respect to the changes of both the physical grid and the (local) sensing/communication network(s).
VI. CONCLUSION In this paper, advanced droop controls are designed, analyzed and compared for a DC microgrid with intermittent operation of DGs. First, an optimal control is designed for voltage/power regulation in the microgrid. The resulting control is nonlinear but can be approximated by a linear near-optimal control, and these controls require the full knowledge about the microgrid. It is shown that, if each DG operates by itself, the linear near-optimal control without any information about other nodes reduces to the conventional droop control as well as an adaptive control with a small leakage. Given that smart microgrids would have (intermittent) communication links to locally exchange information, a cooperative droop control is proposed to take advantage of the information distributively available. Stability and performance of the distributed cooperative droop control are analyzed to show that it includes the conventional droop control as a special case, provides the superior performance, and is robust with respect to the changes of distribution network and communication network. 
It follows from (3) and (17) that, for ,
and, for ,
On the other hand, it follows from linear quadratic optimal control theory [23] that, under performance index (of sufficiently large ) the optimal steady-state tracker for system (2) is given by (19) (20) Substituting (18) 
where matrix is defined by if if .
It follows from [18] that is a symmetric, nonsingular M-matrix. Let be the permutation matrix such that , where for . It follows that , where for . Applying matrix to (21) and then partitioning the resulting matrix yield . . . . . .
Solving the above equation renders relationship (15) between
and , where . Again, it can be shown that reduced-order matrix is a symmetric, nonsingular M-matrix. Hence, its inverse is a positive matrix, and relative values of off-diagonal entries are monotonely increasing functions of the distances among the DGs. APPENDIX C PROOF OF THEOREM 2 It follows from system (2) and cooperative droop control (12) that, among all possible steady-state solutions and , (23) where is the vector of 1s, and . Hence, the specific steady state achieved under cooperative droop control (12) satisfies the relationship of , that is,
where the last equation comes from the fact that has zero row sums. For the steady state satisfying (24), one can substituting (15) into (23) and obtain Asymptotic stability and local exponential convergence can be concluded using Lyapunov function matrix .
Recall that cooperative droop control (12) includes the two extreme cases: conventional droop control (10) if is the identity matrix and, if , near-optimal control (9) corresponding to for . It follows from theorem 1 and from the discussions of (7), (8) and (9) that, as cooperative droop control (12) has more information, it becomes closer to near-optimal control (9) and hence the node voltages become closer to 1.
